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Lecture 7 Main Points Again /10N HOPKINS
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Constructing F-distribution:
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independently distributed
~

Yi
7 = Y. 7. Gaussian(0,1)

g

Gaussian(i;, 0?)

Define quadratic forms @ = Z2 + -+ + 231 and
Q=220+ +2Z5,

Q1 ~ X3, with mean ny and variance 2n;

Q2 ~ x2, with mean n; and variance 2n,

Q@1 is independent of @,

Foin, = g;;:; ~ F(ny, ny) (F-distribution with ny and n, degrees of

freedom; “F" for Sir R.A. Fisher)

140.653 Methods in Biostatistics



Lecture 7 Main Points Again (continued) (g JOHNS FIOPKINS

BLOOMBERG SCHOOL
of PUBLIC

" HEALTH

» Data:
> n observations; p + s covariates
> continuous outcome Y;, measured with error
> covariates: Xi = (X1, ..., Xip, Xi pt1, .. - ,Xi,p+s)T, fori=1,...,n
» Question: In light of data, can we use a simpler linear model
nested within a complex one?
» Hypothesis testing:
(a) Null model: Y ~ Gaussian,,(XN,@N,a2ln)

> Xpy: design matrix n x (p + 1) obtained by stacking observations X;
> First p (transformed) covariates and 1 intercept
» Regression coefficients: By = (80,81, ---,08p) "
> Standard deviation of measurement errors: o
(b) Extended model: Y ~ Gaussian,(XeBe, o°l,)
> Xg: design matrix with intercept+p + s covariates

> Be= (:3[—\]r’5p+17~-~7ﬁp+s)T
> ’ Null model: Ho: Bpt1 = Bpt2 =+ + = Bpis = 0‘
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Let Bips) = (Bpr1,+ + Bpts

‘Null model: Ho: Bpi1 = Bpt2 =+ = Bpis = 0‘

)T

» Rationale of the F-Test

>

>

>

If Hp is true, estimates B,,H, s ,B\,HS should all be close to 0
Reject Hp if these estimates are sufficiently different from Os.
However, not every B,4j,j = 1,...,s, should be treated the same;

they have different precisions
Use a quadratic term to measure their joint differences from 0,
taking account of different precisions:

—~ —~ -1 <
Bt (VarE[:B[p+]]> B (1)

> Varg[Bpy] = 02AXEXe) *AT, where A = [0sx(p11), bsxs]
» Estimate o2 by RSSg/(n— p — s — 1); RSS for "residual sum of
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squares”
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_ (RSSy — RSSg)/s @)

~ RSSg/(n—p—s—1)

» F(s,n— p—s—1): F-distribution with s and n — p — s — 1 degrees
of freedom

> RSSy = Y'(I — HN)Y; Hy = Xn(X{Xn) 1 Xn; “H" for hat matrix,
or projector

» RSSg = Y’(I — HE)Y; He = XE(X[/__—XE)_IXE

> (RSSy — RSSg)/0® ~ x? and RSSeg/0® ~ x5 _,_,_1; they are
independent
[Proof]:

> Algebraic: The former is a function of BE, which is independent of
RSSE]

» Geometric: Squared lengths of orthogonal vectors

F
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Geometric Interpretation: Projection @JOHN‘HOP“NS

> \:/N = HyY: fitted means under the null model
» Yg = HgY': fitted means under the extended model

Ry

Xp+17 N 7Xp+s

B
gRE

1, X

T T
Model Space RyRy — RpRp
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Analysis of Variance (ANOVA) for Regression &/

Table: ANOVA for Regression

Model df Resudial Residual Sum Residual

ode df of Squares (RSS) Mean Square
Null p+1 n—p—1 RSSy = RiyRw n’iN:fl =52
Extended p+s+1 n—p—s—1 RSSe= RgRe n/_’zE_Rf_} =52
Change s —s (RjyRn — ReRe)  Bafu—ReRe

— Ri,Rn — RERe

_ (RyRv—RgRe)/s
> Fonp-s—1= RIRe/(n—p—s—1)

> Reject Hyp if F > Fia(s,n—p—s—1) ,eg., a=0.05

(1—a%) percentile of the F distribution
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Some Quick Facts about F-distribution &/ JOHNS HOPKINS
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Special cases of F(ny, na)

> Ny, — 00:

in probability
> Q/ny "—>" constant

. in distribution

> For a fixed ni, Fp n, Q1/m ~ X4, /m as ny approaches
infinity

> Or equivalently niFp o0 ~ an

> If s=1:
» The F-statistic equals (Bpﬂ/segpﬂ)2 for testing the null model
Ho: Bp+1=0

> Under Hy, it is distributed as F(1,n — p — 2)
> Approximately distributed as x3/1 when n >> p (therefore 3.84 is
the critical value at the 0.05 level)
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For F distribution with denominator df, = 1,2, the 0.95 percentile
increases with dfy; for df, > 2, the percentile decreases with df;.

df,\dh 1 2 3 10 100
1 161.45 199.50 215.71 241.88 253.04
2 1851 19.00 19.16  19.40 19.49
3 10.13 9.55 9.28 8.79 8.55
100 3.94 3.09 2.70 1.93 1.39
1000 3.85 3.00 2.61 1.84 1.26
00 3.84 3.00 2.60 1.83 1.24

Table: 95% quantiles for F-distribution with degrees of freedom df; and df.
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F-Table
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Example

» Data: National Medical Expenditure Survey (NMES)

» Objective: To understand the relationship between medical
expenditures and presence of a major smoking-caused disease among
persons who are similar with respect to age, sex and SES

> Y; = log.(total medical expenditure; + 1)
» X;; = age; — 65 years

> Xio=d

> # of subjects : n = 4078
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Example

Table: NMES Fitted Models

@ JOHNS HOPKINS
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Model Design df Residual MS Resid. df
A X1, Xo 3 1521 4075
B X1, (X1 — (=20)*", (X1 — 0)*), Xz 5 1518 4073
C [X17 (X1 - (—20)+7 (X1 — O)+)] * X2 8 1.514 4070

all _interactions and main_effects
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NMES Example: Question 1 s i

of PUBLIC HEALTH

Is average log medical expenditures roughly a linear function of age?
» Compare which two models?
» Calculate Residual Sum of Squares and Residual Mean Squares.

» Calculate F-statistic; What are the degrees of freedom for its
distribution under the null?

» Compare it to the critical value at the 0.05 level
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NMES Example: Question 1

» Hp: Within a larger model B, model A is true (or state the scientific
meaning, i.e., linearity in age).
>

change in df
(RSSy — RSSg)/ s )
RSSE /(n—p—s—1)

residual sum of squares residual df

residual mean squares

(1.521 x 4075 — 1.518 x 4073),2
= 1518 =5.03 (4)
» This statistic, under repeated sampling, has a F(2,4073)
distribution, which is approximately x3/2 distributed.
» p-value: Pr(x?/2 > 5.03) = 0.0065 by approximation or
Pr(F(2,4073) > 5.03) = 0.0066 without approximation. The
approximation is good.

» Reject linearity in age.
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NMES Example: Question 2 (In-Class Exercise}/

» Is the non-linear relationship of average log expenditure on age the
same for & and Q7 (Are there curves parallel?)

» Or equivalently, is the difference between average log medical
expenditure for ¢>-vs-Q the same at all ages?
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NMES Example: Question 2 (In-Class Exercise}/ /o HOPKINS
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Ho: Within a larger model C, model B is true (or equivalently state
the scientific meaning, i.e., no interaction).

>
(1518 x 4073 — 1.514 x 4070)/3

F = 1512 =4.59 (5)
» Under repeated sampling, it is F(3,4070) distributed.

v

p-value Pr(x3/3 > 4.59) = 0.0032 by approximation, or
Pr(F(3,4070) > 4.59) = 0.0033 without approximation.

> Reject no-interaction assumption

Lecture 8 140.653 Methods in Biostatistics 16



Questions?

Notes:
> Ingo's Notes: http://biostat.jhsph.edu/ iruczins/teaching/140.751/

—2/n
» = n=p—s-l (RSSN _ 1) _ n—p—s—1 ({[RSSE/H}"D} / B 1)
= s RSSe - s RSSN/n ,

_ [Rsse/n]™? . - _ o
where A = |:RSSN/n:| is the likelihood ratio test (LRT) statistic
comparing the null versus the extended model. Because F and A are
one-to-one, monotonically related, in this case the LRT and F-test
are equivalent tests (e.g., the same p-values). However, F-statistic is
preferred in practice for its nice approximations by Chi-square (e.g.,
when df, — 00) and connections to other distributions (e.g.,
F(1,dR) < 2,).

Next by Professor Scott Zeger:

» Delta method to calculate the variance of a function of estimates.
For example, if we know the variance of log odds ratio (LOR)
comparing two proportions, how do we obtain the variance of odds
ratio (exponential of the LOR)?
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